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We study the propagation of Rydberg slow light polaritons through an atomic medium for in-
termediate interactions. Then, the dispersion relation for the polaritons is well described by the
slow light velocity alone, which allows for an analytical solution for arbitrary shape of the atomic
cloud. We demonstrate the connection of Rydberg polaritons to the behavior of a conventional Kerr
nonlinearity for weak interactions, and determine the leading quantum corrections for increasing
interactions. We propose an experimental setup which allows one to measure the effective two-body
interaction potential between slow light polaritons as well as higher body interactions.
PACS numbers: 42.65.Hw, 32.80.Ee, 42.50.Gy, 42.50.Nn
Photons interact with its environment much weaker
than other quanta and therefore represent an excellent
carrier of information. On the other hand, a long-
standing goal is the realization of a strong and con-
trollable interactions on the level of individual photons.
Such an interaction would pave the way towards ultralow-
power all-optical signal processing [1, 2], which in turn
has important applications in quantum information pro-
cessing and communication [3–6]. A natural mechanism
for an interaction is provided by the Kerr nonlinearity of
conventional materials [7], but unfortunately is restricted
to high intensities of the fields [8]. On the other hand,
the appearance of a strong interaction between individual
photons has been experimentally realized using Rydberg
slow light polaritons. Here, we provide the theoretical
framework to connect this regime of strong interaction
with the phenomena of a classical Kerr nonlinearity.
Rydberg slow light polaritons have emerged as a highly
promising candidate to engineer strong interactions be-
tween optical photons with a tremendous recent exper-
imental success. A variety of applications were shown
such as a deterministic single photon source [9], an atom-
photon entanglement generation [10], as well as a single
photon switch [11] and transistors [12–14]. Moreover, the
regime of strong interaction between photons has been
experimentally demonstrated leading to a medium trans-
parent only to single photons [15], as well as the appear-
ance of bound states for photons [16]. From theoretical
point of view, the effective low energy theory is well un-
derstood from a microscopic approach [17, 18], but a full
description of the propagation of photons through the
medium is limited to extensive numerical simulations and
low photon number [15, 16, 19–23].
In this letter, we provide the full input-output for-
malism of Rydberg polaritons for intermediate interac-
tion strength but arbitrary incoming photon number and
shape of the atomic medium. The analysis is performed
in the regime with large detuning from the intermediate
p-level, where losses are strongly suppressed and the ef-
fective low-energy theory for the polaritons is well de-
FIG. 1. Setup of Rydberg slow light polaritons: each atom
consists of three relevant levels, ground state |G〉, intermedi-
ate p-level |P 〉 and Rydberg state |S〉; the latter are coupled
by a strong laser. Incoming photons with a single transverse
channel enter the medium and are converted into slow light
vg < c Rydberg polaritons. The interaction between the Ry-
dberg states provides an effective interaction V (x) for the
polaritons.
scribed by an effective interaction potential [18]. We
demonstrate the connection of Rydberg polaritons to the
behavior of a conventional Kerr nonlinearity for weak in-
teractions, and determine the leading quantum correc-
tions for such a Kerr nonlinearity. We demonstrate the
potential to experimentally determine the effective inter-
action potential as well as higher body interactions be-
tween the slow light polaritons within a homodyne setup.
It is important to point out that previous approaches
to describe the quantum propagation of photons in a
nonlinear Kerr medium based on a quantization of the
phenomenological nonlinear equations provide an incon-
sistent quantum field theory [24–26]. This inconsistency
was removed by requiring a non-local response in time,
which in addition provides a noise term [27, 28]. For
Rydberg slow light polaritons such a non-local response
in time is absent, but the microscopic analysis naturally
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2provides a mass term accounting for deviation from the
slow light velocity, as well as a finite range of the effective
interaction potential describing the blockade phenomena.
Both terms alone are sufficient to render the quantum
theory well defined. As a consequence, we conclude that
the proposed inability to generate a photonic phase gate
by a large Kerr nonlinearity [28] does not apply to Ryd-
berg slow light polaritons.
We consider a system of Rydberg slow light polari-
tons in the dispersive limit with large detuning δ > γ,Ω
from the intermediate p-level, see Fig. 1. Here, γ de-
scribes the decay rate of the p-level, while Ω denotes
the Rabi frequency of the coupling laser. Within this
regime, losses are strongly suppressed and the interme-
diate p-level can be adiabatically eliminated [18]. We
are interested in the propagation of photons along a one-
dimensional mode through the medium with frequency
close to the condition of electromagnetic induced trans-
parency. In the regime with a low density of Rydberg
polaritons, the system is well described by an effective
low energy quantum theory [18]. The interaction poten-
tial between the polaritons is characterized by a block-
ade radius ξ and the potential depth 2~Ω2/δ at short
distances. For a microscopic van der Waals interaction
with C6δ < 0 the effective interaction potential reduces
to V (x) = −(2~Ω2/δ)[1 + (x/ξ)6]−1 with the blockade
radius ξ = (|C6δ|/2Ω2)1/6, see Fig. 1. Note, that for
increasing polariton densities additional many-body in-
teractions are expected to appear [29]. In the following,
we mainly focus on the two body interactions, but the
extension to include many-body interactions is straight-
forward and its influence is discussed in the last part.
The kinetic energy for the polaritons at low energies
is determined by the slow light velocity of the polaritons
and an effective mass term accounting for the curvature
in the dispersion relation. The important aspect for the
present analysis is the possibility to drop the mass term
for moderate interactions between polaritons. The pre-
cise condition for the validity of this approximation is
discussed below. Then, the Hamiltonian describing the
propagation of photons through the spatially inhomoge-
neous medium with atomic density na(x) is given by
H =
∫
dx
[
β(x)ψ†(x)
]
(−i~c∂x) [β(x)ψ(x)] (1)
+
1
2
∫
dxdy n(x)n(y)V (x− y)ψ†(x)ψ†(y)ψ(y)ψ(x).
Here, ψ and ψ† denote the bosonic field operators for the
Rydberg slow light polaritons with [ψ(x), ψ†(x′)] = δ(x−
x′). Furthermore, β(x) describes the amplitude of the po-
lariton to be in a photonic state and is related to the slow
light velocity vg = cβ(x)
2, while n(x) = 1− β(x)2 is the
probability for the polariton to be in the Rydberg state.
These quantities are determined by the atomic density
na(x) via β(x) = Ω/
√
Ω2 + g20na(x) with g0 the single
atom coupling. Note that outside the atomic medium
the operator ψ describes non-interacting photons.
In the following, it is convenient to introduce a coordi-
nate transformation which removes the reduced velocity
vg of the polaritons inside the media, i.e., we measure dis-
tances in the time z/c which is required for the polaritons
to reach the position x. The coordinate transformation
takes the form z = ζ−1(x) =
∫ x
0
dy
(
1/β(y)2
)
, and the
Hamiltonian reduces to
H = −i~c
∫
dz ψˆ†(z)∂zψˆ(z) (2)
+
1
2
∫
dz dw n˜(z)n˜(w)V˜ (z, w)ψˆ†(z)ψˆ†(w)ψˆ(w)ψˆ(z)
with n˜(z) = n(ζ(z)), V˜ (z, w) = V (ζ(z) − ζ(w)), and
ψˆ†(z) = ψ†(ζ(z))β(ζ(z)); the new operators ψˆ still satisfy
the bosonic canonical commutation relations.
The quantum many-body theory in Eq. (2) is exactly
solvable. This remarkable property is most conveniently
observed by analyzing the Heisenberg equations for the
field operator ψˆ(z, t),
i~∂tψˆ(z, t) = −i~c∂zψˆ(z, t) +K(z, t)ψˆ(z, t) (3)
with the operator K(z, t) accounting for the interaction,
K(z, t) =
∫
dw n˜(z)n˜(w)V˜ (z, w)ψˆ†(w, t)ψˆ(w, t). (4)
In the following, we denote by ψˆ0(z) the non-interacting
field operator at time t = 0. Then, the interacting
field operator ψˆ(z, t), satisfying the Heisenberg equation
above, reduces to ψˆ(z, t) = e−iJˆ(z,t)ψˆ0(z − ct) with the
operator
Jˆ(z, t) =
1
c~
∫ z
z−ct
dw
∫ ∞
−∞
du n˜(w)n˜(u)V˜ (u,w)Iˆ(z−w+u−ct)
(5)
and the polariton density operator Iˆ(z) = ψˆ†0(z)ψˆ0(z).
We start by analyzing the behavior of the two-photon
solution. It allows us to determine the influence of the
involved approximations and to provide a connection to
previous results on two-polariton propagation [16, 18].
For an arbitrary two photon state |φ〉, the incoming wave
function is defined via
φin(x− ct, y − ct) = lim
t→−∞〈0|ψˆ(z, t)ψˆ(w, t)|φ〉/
√
2, (6)
with the coordinates x = ζ(z) and y = ζ(w), and the
outgoing wave function φout via an analogous expression
in the limit t → ∞. Using the above exact solution for
the bosonic field operators ψˆ(z, t), we obtain the rela-
tion between the incoming and the outgoing photon wave
function
φout(x, y, t) = e−iϕ(x−y)φin(x− ct′, y − ct′) (7)
3FIG. 2. (left) Phase factor ϕ(u) for homogeneous distribu-
tions of atoms with different lengths L. For short clouds the
condition ξ  L is not satisfied and the behavior of ϕ(u)/ϕ(0)
is no longer universal, like it is for a long medium. (right)
Phase shift and suppression of the electric field for coherent
state in the limit ξout  lcoh as a function of a single pho-
ton nonlinearity strength parametrized by ϕ(0). For weak
nonlinearities ϕ(0)  1 the electric field suppression scales
quadratically and the phase shift linearly with the nonlinear-
ity strength. The suppression as well as phase shift oscillate
with the increasing strength of interaction.
where t′ = t−∆t accounts for the delay of the polaritons
inside the medium with ∆t =
∫∞
−∞ dy
(
1/β(y)2 − 1) /c.
Note, that the outgoing wave function only depends on
the reduced coordinate τ1 = x − ct′ and τ2 = y − ct′;
therefore, in the following, we will use these reduced co-
ordinates to express the outgoing wave function. The
phase factor ϕ(u) describes the correlations built up be-
tween the photons during the propagation through the
medium and takes the form
ϕ(u) =
1
~c
∫ ∞
−∞
dw n˜
(
w + u
)
n˜
(
w
)
V˜
(
w + u,w
)
. (8)
It is instructive to analyze this phase factor for a spe-
cific homogeneous atomic density distribution na(x) =
n¯aθ(L
2/4−x2) where θ is a Heaviside step function. The
time delay simplifies to ∆t = L(1/v˜g − 1/c), where the
slow light velocity v˜g = cΩ
2/(g2 + Ω2) and the collec-
tive coupling between photon and matter g = g0
√
n¯a. In
turn, the phase shift acquires the peak value
ϕ(0) =
g4V (0)L
(g2 + Ω2)Ω2~c
= − g
2
g2 + Ω2
κγ
δ
(9)
with κ the optical depth of the medium. The width of the
signal in the phase ϕ(u) is enhanced from the blockade
radius by the slow light velocity to ξout = ξ(g
2 + Ω2)/Ω2.
The exact phase shapes for different medium lengths are
shown in Fig. 2. The determination of ϕ(u) for other
physical distributions of atoms is straightforward.
Note, that the interaction provides a spatially depen-
dent phase factor correlating the photons, but is unable
to induce a modification in the intensity correlations. A
bunching of photons as observed in the experiments by
Firstenberg et al. [16] requires the inclusion of the mass
term. Here, we estimate the influence of this term, and
determine the regime of validity for our approximation to
drop it, for details see the supplement material. First, the
inclusion of the mass would lead to an additional phase
shift estimated by ϕm ∼ ~∆t/(mξ2)|ϕ(0)2 + iϕ(0)| =
|ϕ(0) + i|g6/(g2 + Ω2)3L2/ξ2, where we used the expres-
sion for the polariton mass m = ~ (g
2+Ω2)3
2c2g2∆Ω2 [18]. In order
to drop phenomena like the bunching of photons we re-
quire ϕm  1. Secondly, we would like the phase shift
induced by the interaction to dominate the behavior, i.e.,
ϕ(0) ϕm. The two conditions are either satisfied for a
weak coupling between photon and matter or for a short
medium.
The two-photon analysis can be generalized straight-
forwardly to an N -photon Fock state. Then, the wave
function reduces to
φout(τ1, . . . , τN )
φin(τ1, . . . , τN )
= exp
−i N∑
i<j
ϕ(τi − τj)
 ,
where τi = xi − c[t − ∆t]. This allows one to derive
the outgoing wave function for an arbitrary incoming
state. Of special experimental interest however is the
behavior of coherent states. A general incoming coher-
ent state is characterized by its incoming electric field
expectation value E(x − ct) = limt→−∞E(x, t) with
E(x, t) = 〈E|ψ(x, t)β(x)|E〉. Then, the outgoing electric
field behaves as
Eout(τ)
E(τ) = exp
(∫
du|E(u)|2
[
e−iϕ(u−τ) − 1
])
, (10)
where τ = x − c[t − ∆t]. In the limit of a weak non-
linearity ϕ(u) 1, we can recover the result of a classi-
cal Kerr nonlinearity. In this regime, the incoming wave
packet has a size lcoh much larger than the character-
istic size of the interaction lcoh  ξout, and propagates
through a long medium L  ξ. Then, the Eq. (10) re-
duces to Eout(τ) = E(τ) exp (−i σ |E(τ)|2) with σ the
strength of the Kerr nonlinearity. The latter depends on
the shape of the atomic density distribution and reduces
for a homogeneous atomic density to
σ =
∫
du ϕ(u) =
2pi
3
g2
Ω2 + g2
κγ
δ
ξout. (11)
However, it is important to stress, that Eq. (10) in-
cludes also the corrections to the Kerr nonlinearity due
to the quantum fluctuations. The corrections can be
analyzed by the full evaluation of the factor iΦ + η =
− ∫ du (exp(−iϕ(u)) − 1)/ξout, where Φ describes the
strength of the Kerr nonlinearity, whereas η accounts for
a suppression of the coherences due to quantum fluctu-
ations, see Fig. 2. The latter follows from the fact that
a coherent state is a superposition of different number
states, where each number state picks up a slightly dif-
ferent phase factor.
The full characterization of the output state and rela-
tion to experimentally accessible quantities is most con-
veniently achieved by the normally ordered electric field
4correlations in the reduced coordinates τi,
Goutn,m(τ1, ..., τn+m) =
〈
E
∣∣∣∣∣∣
n∏
i=1
ψ†(τi)
n+m∏
j=n+1
ψ(τj)
∣∣∣∣∣∣ E
〉
.
These correlation functions are experimentally accessible
in a homodyne detection scheme. The full expression for
the correlations of the outgoing fields for an incoming
coherent state is presented in the supplement. In the fol-
lowing, we provide the result for the two point correlation
function Gout0,2, which reduces to
Gout0,2(τ, τ
′) = E(τ)E(τ ′) exp [−iϕ(τ − τ ′)] (12)
× exp
(∫
du |E(u)|2
[
e−iϕ(u−τ)−iϕ(u−τ
′) − 1
])
.
We can distinguish two different contribution: first, we
find a strong spatial correlation determined by the phase
contribution ϕ(τ−τ ′), which provides direct information
about the effective interaction potential between the po-
laritons. It is this contribution, which allows the access
to the effective interaction potential within a homodyne
detection scheme. The last factor describes additional
phase shift and the suppression due to quantum fluctua-
tions, which are small corrections for ξout|E(τ)|2  1.
A full characterization of the outgoing field for an in-
coming field coherent field E is provided by the Wigner
function W (q, p). In contrast to circuit and cavity QED
experiments, where the photons within the resonator are
characterized by a single photonic mode [30, 31], our sys-
tem here corresponds to a multimode setup. Therefore,
in terms of the Wigner function, we can only express the
reduced density matrix in a specific photonic mode. For
this purpose, we define the annihilation operator for an
arbitrary spatial mode u(x) as aˆu =
∫
dxu(x)ψ(x) and
the related quadrature operators as qˆ = (aˆu + aˆ
†
u)/2,
pˆ = (aˆu − aˆ†u)/2i. Then, the Wigner function derives di-
rectly from the analytical expression for the correlation
functions Goutn,m for the incoming coherent field [32],
W (q, p) =
2
pi
∑
nm
(−1)n+m
n!m!
Gnm∂nα∗∂mα e−2|α|
2
(13)
with α = q+ ip, and Gnm the overlap of the electric field
correlations with the probe photonic mode
Gnm=
∫
dn+mτ Goutn,m(τ1, ..., τn+m)
n∏
i=1
u(τi)
∗
m+n∏
j=n+1
u(τj).
In order to characterize short range correlations be-
tween photons we consider a homodyne detection [33–35]
with u(x) being a localized mode having size lprobe much
shorter than ξout. The quasi-probability W (q, p) for dif-
ferent strengths of the interaction is shown in Fig. 3. For
weak interactions ϕ(0) 1, the leading correction due to
quantum fluctuations to the Gaussian coherent state is a
small squeezing. However, for increasing interaction we
FIG. 3. Wigner function describing short range correlations
(lprobe  ξout) for long-photons lcoh/lprobe = 100 for two differ-
ent strengths of interaction: ϕ(0) = pi/64 (left) and ϕ(0) = pi
(right).
obtain a strongly mixed state. This behavior is a result of
the localized measurement tracing out all positions out-
side the u(x). Such an operation, acting on our strongly
spatially entangled state, leads to the mixed state.
A crucial property of our analysis is that it demon-
strates the possibility to probe the microscopic interac-
tion potential between the Rydberg polaritons via a ho-
modyne detection scheme for a coherent input state. This
method can easily be extended to probe higher body in-
teractions between the polaritons, which are expected to
appear for higher polariton densities. Such a n-body in-
teraction on the microscopic level takes the from
Hn =
1
n!
∫
dxUn(x1, . . . , xn)
n∏
i=1
n(xi)ψ
†(xi)ψ(xi) (14)
with the n-body interaction potential Un. This term can
be straightforwardly included in the exact solution. As
an example, we present the results for a three-body in-
teraction, which leads, in analogy to Eq. (7), to a phase
contribution to the three photon wave-function
φout(τ1, τ2, τ3) = e
−iϕ3(τ1−τ2,τ2−τ3)φin(τ1, τ2, τ3).
The phase factor ϕ3(u, v) induced by the three-body in-
teraction takes the form
1
~c
∫ ∞
−∞
dw n˜
(
w+u
)
n˜
(
w+v
)
n˜
(
w
)
U˜3
(
w+u,w+v, w
)
,
with U˜3 defined in analogy to V˜ . The corresponding
three-body interaction potential can then be experimen-
tally observed in a homodyne detection of the correla-
tions Gout0,3.
In conclusion, we studied Rydberg slow light polari-
tons and obtained a consistent quantum theory for a Kerr
nonlinearity. For weak interactions we demonstrated that
the system reduces to a conventional Kerr nonlinearity,
while for moderate interactions we derived quantum cor-
rections. Rydberg slow light polaritons naturally lead to
a finite interaction range and a mass term, which regu-
larize previous problems in deriving a quantum theory
of a Kerr nonlinearity. Our approach provides a promis-
ing tool for the direct experimental observation of the
5two-body interaction potential as well as higher body in-
teraction potentials via a homodyne detection.
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7SUPPLEMENTAL MATERIAL
Regime of parameters in which mass term is negligible
In this section, we derive a regime of parameters in which we can drop the mass term in the polaritonic dispersion
relation. For this purpose, we analyze two polaritons propagating through a cloud of atoms with a constant density.
In the relative r and center of mass R coordinates, the Schro¨dinger equation for the two-body wave function φ(R, r)
takes the form [18]
~ωφ(R, r) =
(
−i~vg∂R − ~
2
m
∂2r + αV (r)
)
φ(R, r), (S1)
where
m = ~
(g2 + Ω2)3
2c2g2∆Ω2
, V (r) =
2Ω2~
δ
1
1 + r6/ξ6
, α =
g4
(g2 + Ω2)2
, vg =
Ω2
Ω2 + g2
c.(S2)
Assuming that the mass term is negligible, we can find the analytical solution of Eq. S1 of the form
φ0(R, r) = φ(0, r) exp
(
i
ω
vg
R− iϕ(0)R
L
1
1 + (r/ξ)6
)
(S3)
where we used the relation ϕ(0) = LαV (0)/vg, see Eq. 9. For latter purposes let us define ϕint(R, r) = ϕ(0)R/L/(1+
(r/ξ)6). Using the above solution, we calculate perturbatively the corrections due to the mass term to the phase shift.
For this purpose we express the full solution φ using φ0:
φ(R, r) = φ0(R, r)e
−iϑm(R,r), (S4)
where ϑm(R, r) takes into account the impact of the mass term. Next, we insert this Ansatz into Eq. S1. Exploiting
that φ0 is the solution for the unperturbed Hamiltonian, most of the terms cancel and we arrive with the equation
for ϑm:
0 = −ivgφ0(R, r)∂Re−iϑm(R,r) − ~
2
m
∂2rφ0(R, r)e
−iϑm(R,r). (S5)
This equation can be simplified once we take into account that in the perturbative limit |∂rϑm(R, r)|  |∂rϕint(R, r)|
and |∂2rϑm(R, r)|  |∂2rϕint(R, r)|. Moreover, considered photons are much longer than ξout and, therefore, we drop
∂rφ(0, r) and ∂
2
rφ(0, r) terms. Finally, Eq. S5 simplifies to
0 = −ivgφ0(R, r)∂Re−iϑm(R,r) − ~
2
m
φ(0, r)e−iϑm(R,r)ei
ω
vg
R
∂2r exp
(
−iϕ(0)R
L
1
1 + (r/ξ)6
)
. (S6)
This equation leads to the solution for ϑm(L, r) of the form
ϑm(L, r) = − 1
vg
L∫
0
dR
~2
m
∂2r exp
(
−iϕ(0)RL 11+(r/ξ)6
)
exp
(
−iϕ(0)RL 11+(r/ξ)6
) . (S7)
In order to estimate ϑm(R = L, r) we consider its value at r = ξ, which is equal to
ϑm(L, ξ) = 3 (ϕ(0) + i)
L2
ξ2
g6
(g2 + Ω2)
3 , (S8)
and corresponds to the result for ϕm from the main text. We see that the mass term can be dropped if two conditions
ϕm  1 and ϕm/ϕ(0) 1 are satisfied.
8Correlations of the outgoing fields for an incoming coherent state
Here, we derive the general expression for the correlations Goutn,m of the outgoing fields for an incoming coherent
state |E〉. We start by inserting the exact solution for bosonic field operators ψˆ(z, t) = e−iJˆ(z,t)ψˆ0(z − ct) into the
definition of Goutn,m from the main text. This leads to
Goutn,m(τ1, ..., τn+m) =
〈
E
∣∣∣∣∣∣
n∏
i=1
(
e−iJˆ(zi,t)ψˆ0(zi − ct)
)† n+m∏
j=n+1
e−iJˆ(zj ,t)ψˆ0(zj − ct)
∣∣∣∣∣∣ E
〉
, (S9)
where τi = zi − ct. Our goal is to transform the product of operators to the normally ordered expression, of which
expectation value in a coherent state is trivial. For this purpose, we first use the relation
ψˆ0(zi − ct)e−iJˆ(zj ,t) = e−iJˆ(zj ,t)e−iϕ(zi−zj)ψˆ0(zi − ct) (S10)
to normally order the ψ0 operators in the Eq. S9,
Goutn,m(τ1, ..., τn+m) =
〈
E
∣∣∣∣∣∣
n∏
k=1
ψˆ†0(τk)
n∏
i=1
eiJˆ(zi,t)
n+m∏
j=n+1
e−iJˆ(zj ,t)
n+m∏
l=n+1
ψˆ0(τl)
∣∣∣∣∣∣ E
〉
× exp
[
i
n∑
k>l=1
ϕ(τk − τl)
]
exp
[
−i
m+n∑
k>l=n+1
ϕ(τk − τl)
]
. (S11)
Next, we use the fact that in the limit of t→∞ the expression for Jˆ(zi, t) can be written as Jˆ(zi, t) =
∫ −∞
∞ duIˆ(u)ϕ(u−
zi + ct), and that Jˆ(zj , t) commutes with Jˆ(zi, t), in order to rewrite the product of exponentials appearing in Eq.
S11 in the following way:
n∏
i=1
eiJˆ(zi,t)
n+m∏
j=n+1
e−iJˆ(zj ,t) = exp
i n∑
i=1
Jˆ(zi, t)− i
n+m∑
j=n+1
Jˆ(zj , t)

= exp
 ∞∫
−∞
du Iˆ(u)
i n∑
i=1
ϕ(u− τi)− i
n+m∑
j=n+1
ϕ(u− τj)
 . (S12)
The last expression can be transformed to the normally ordered one using the relation [27]:
exp
(∫
du g(u)Iˆ(u)
)
=:exp
(∫
du
(
eg(u) − 1
)
Iˆ(u)
)
: . (S13)
In our case g(u) = i
∑n
i=1 ϕ(u− τi)− i
∑n+m
j=n+1 ϕ(u− τj), what leads to
n∏
i=1
eiJˆ(zi,t)
n+m∏
j=n+1
e−iJˆ(zj ,t) =: exp
 ∞∫
−∞
du Iˆ(u)
exp
i n∑
i=1
ϕ(u− τi)− i
n+m∑
j=n+1
ϕ(u− τj)
− 1
 : . (S14)
The last equation inserted into the Eq. S11 provides the final result,
Goutn,m(τ1, ..., τn+m) =
n∏
i=1
Eˆ∗(τi)
n+m∏
j=n+1
Eˆ(τj) exp
[
i
n∑
k>l=1
ϕ(τk − τl)
]
exp
[
−i
m+n∑
k>l=n+1
ϕ(τk − τl)
]
× exp
 ∞∫
−∞
du |E(u)|2
exp
i n∑
i=1
ϕ(u− τi)− i
n+m∑
j=n+1
ϕ(u− τj)
− 1
 . (S15)
Two special cases of these correlations, i.e., Gout0,1 and G
out
0,2 are presented in the main text, see Eqs 10 and 12,
respectively.
9Wigner function from correlation functions
Here, we show how Wigner function W (q, p) can be calculate using the correlation functions Gnm. Our starting
point is symmetrically ordered characteristic function χ(η) defined as
χ(η) = Tr
[
ρ exp
[
ηaˆ†u − η∗aˆu
]]
. (S16)
The function χ(n) can be expressed using correlation function Gnm =
〈
(aˆ†u)
naˆmu
〉
as
χ(η) =
∑
nm
ηn(−η∗)m
n!m!
e−|η|
2/2Tr
[
ρ(aˆ†u)
naˆmu
]
=
∑
nm
ηn(−η∗)m
n!m!
e−|η|
2/2Gnm. (S17)
The Wigner function is defined as the Fourier transform of the characteristic function χ(η) [36],
W (α) =
1
pi2
∫
d2η eη
∗α−ηα∗χ(η). (S18)
Finally, we insert χ(η) from Eq. S17 into the definition S18 and afterwards transform W (α) to a more concise
expression:
W (α) =
1
pi2
∑
nm
(−1)m
n!m!
∫
d2η eη
∗α−ηα∗ηn(η∗)me−|η|
2/2Gnm
=
1
pi2
∑
nm
(−1)n+m
n!m!
Gnm∂nα∗∂mα
∫
d2η eη
∗α−ηα∗e−|η|
2/2
=
2
pi
∑
nm
(−1)n+m
n!m!
Gnm∂nα∗∂mα e−2|α|
2
, (S19)
which is the formula presented in the main text.
